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Response of Double-Wall Composite Shells
to Random Point Loads
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This paper presents an analytical study of double-wall-laminated fiber-reinforced cylindrical shell response to
random loads. A soft viscoelastic core with dilatational modes included is used. The theory of laminated shells is
simplified by assumptions similar to those in the Donnell-Mushtari development for isotropic shells. Modal solu-
tions of simply supported shells are obtained. Modal frequencies and deflection response spectral densities are
determined. It is found that this approach allows for easy parametric evaluation and that by proper selection of
dynamic parameters, viscoelastic core characteristics, and fiber reinforcement orientation, vibration response
can be reduced.
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Nomenclature
= stiffness coefficients, N/m
= generalized deflection coordinates, m
= damping coefficients, N/ms
= elastic moduli, N/m2

= elastic moduli of aluminum, fiberglass,
graphite, and matrix material, respectively,
N/m2

= point loads acting on external and internal
shells, y = l , 2, N

= core loss factor
= distance from reference surface to lamina
surface, m

= core thickness, m
= thickness of external and internal shells, m
= frequency response functions of external

and internal shells
= indices

= core stiffness, N/m3

= length of shell, m
= mass density of the core, kg/m3

= number of laminae of internal shell
= loading moments, N-m/m
= number of laminae of external shell
= membrane forces, N/m
= external and internal random pressures,
N/m2

= generalized random forces, N/m
= shell loading, N/m2

= radius of internal shell, m
= deflection response levels, dB
= spectral densities of point loads F j 9 j = 1,2,

N2/Hz
= cross-spectral densities of generalized ran-

dom forces p^, N2/Hz
= respective displacement in x,6,r directions,

m
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WE> wi = displacements of external and internal
shells, m

x,Q = cylindrical coordinates, m, rad
XjtXJiOpdj = locations where the point loads are applied,

y = l,2, m, rad
a. = angle between fiber direction and shell axis,

rad
fJL> tfnn = damping coefficients of external and inter-

nal shells
f0 = a constant value of damping coefficient
^a^f'^g'P'p =Poisson's ratio of aluminum, fiberglass,

graphite, and matrix material, respectively
p = average mass density, kg/m3

Pa,pf,pg,pp =mass densities of aluminum, fiberglass,
graphite, and matrix material, respectively,
kg/m3

PE>PI =mass densities of external and internal
shells, kg/m3

co = frequency, rad/s
uc

mn = coupled modal frequency of double-wall
shell system, rad/s

co^ = uncoupled modal frequencies of external
and internal shells, rad/s

Superscripts and Subscripts
E,e = external shell
/,/ = internal shell
EJ = external or internal shell

Introduction

T HE design of many ground and space structures is im-
pacted by the interaction of functional requirements,

such as strength, stiffness, weight, passenger and crew com-
fort, cargo containment protection, reliability, etc. To accom-
modate many of these requirements, new design concepts for
lower weight, extended service life, and reduced cost are
needed. It has been demonstrated that composite materials
could give weight and structural integrity advantages over
many commonly used materials.1"4 However, the low-weight
composites might not provide any advantages with respect to
less response, reduced noise transmission,5 or longer fatigue
life. Past studies have demonstrated that sandwich construc-
tions might be an efficient way of dissipating vibrational
energy.6"11 Thus, to satisfy the required vibroacoustic environ-
ment, designs utilizing composite materials might need to be
modified by including the double-wall sandwich concepts.
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This paper presents an analytical study on the vibration
response of double-wall circular cylindrical shells of finite
extent. Each shell is a composite buildup of laminae, which
consists of fibers imbedded in a supporting matrix. Further-
more, each lamina can be oriented in any arbitrary direction.
The inputs to the shell are random point loads. The equa-
tions of motion are derived using assumptions similar to
those given in Refs. 12-17. The viscoelastic core separating
the two composite shells is taken to be relatively soft, so that
bending and shearing stresses can be neglected, and conse-
quently the core is described by a uniaxial constitutive law.
Such a core model allows in-phase (flexural) and out-of-
phase (dilatational) motions of the double-wall system.10'11

The natural frequencies and vibration response are obtained
for simply supported cases by modal solutions and a
Galerkin-like procedure.

This paper contains numerical results for a simply sup-
ported double-wall cylindrical shell. Natural frequencies and
vibration response spectral densities are calculated. These
results are obtained for double-wall isotropic (aluminum)
and double-wall laminated composite cases. The outer shell
is constructred from three laminae and the inner shell from
ten laminae. It is shown that by proper selection of dynamic
parameters, damping characteristics, and reinforcing fiber
orientation, lower response values can be obtained for a
composite shell than for an equivalent aluminum shell.

Response of a Sandwich Shell
The sandwich shell system is composed of two simply sup-

ported cylindrical shells and a soft viscoelastic core as shown
in Fig. 1. Each shell is constructed from fiber-reinforced
laminae of uniform thickness. The fibers are basically the
load carriers. A linear viscoelastic model is chosen to
describe the behavior of the core. The thin shells separated
by the core are modeled according to the theory presented in
Refs. 12-17. This theory is appropriate for many arbitrarily
oriented layers, each reinfored with unidirectional fibers.
The fiber orientation is defined in Fig. 1 with respect to the
chosen coordinates.

Following the procedures presented in Refs. 12-17, the
equations of motion of a single cylindrical shell are

dNx 1
~R~ de (=pu

1 dNe
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PMX 2
dx2 R
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1 dMe dMM
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where a dot indicates a time derivative and
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Fig. 1 Geometry of double-wall composite shell.

Fig. 2 Random point loads.

where the submatrices [Ay], [By], and [Du] are

(A,B,D)n (A,B,D)n (A,B,D)16

[(A,B,D)y] = (A,B,D)n (A,B,D)22 (A,B,D)26

_ (A,B,D)16

(4b)

= E (5)

in which C£*> are the elastic moduli of the fcth lamina and
hk>hk-i aie distances measured from the reference surface to
the inner and outer surfaces of the Mi lamina (see Fig. 1)
and n=Mor N. Following Ref. 16, the stiffness coefficients
can be calculated in terms of directional moduli, Poisson's
ratios, and the fiber orientation angle a. In this approach,
the properties of each lamina are functions of volume ratio
of fibers to supporting matrix material.

The mass density per unit of surface area is calculated from

(4a) P= (6)
k=l
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Fig. 3 Modal frequencies of double-wall aluminum shell.
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Fig. 4 Modal frequencies of double composite shell.

where pk is the material density of the Ath lamina and hk are
distances from reference surface to lamina surface. Setting
qx = qe=:Q, introducing the Donnell-Mushtari-Vlasov type
assumptions,16'17 and combining Eqs. (l-4a), a single equa-
tion in terms of transverse displacement w can be obtained:

(7)

~8
 Zia' ! z2a8 i z3a8 i z4a8

Z , 3 , 4zV a*8 ' R dx7d8 ' R2 dx6d82 ' #3 a*5a03

i z5a8 i z6a8 i z7a8

' R4 dx4d84 ' R5 dx3d85 ' tf6

i z8a8 i z4a8
+_ 8 + --- 4

R1 dxde1

~6 i ^i^6 , i x2# ^ i
A ^ ajc6 ' R2 dxsd8 ' J?3

i ^r5a6 i ^6a6 i
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^4 i r,a4 , i r2a4 ^ i
r ' /?2 dx4 ' R3 dx3d8 R4
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Y3d4

dx2dy2
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x4d6

dx3d83

(9)

r4a4

dx4
«2* 1

(10)

a3a4

R2 dx2dd2

+^r"axa6>r+"^4"~a^4 (ii)
and the coefficients Z/f A}, yr, and ar (/=1,2,...9;
7=1,2,...7; r=l,2,...5) are defined in Ref. 18.
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Fig. 5 Deflection response of a double-wall aluminum shell.
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Fig. 6 Deflection response of a double-wall composite shell.

Following Refs. 10 and 11 and using Eq. (7), the double-
wall shell motions can be modeled by two coupled partial
differential equations for normal deflections WE and w/ as

= v4
Epe(x,8,t) (12)

(\/6)mswE] = - (13)

The subscripts E, /, and s denote the external and the inter-
nal shells and the core, respectively. The pe and pl are ran-
dom loads acting on the external and the internal shell. In
the present formulation, the acoustic radiation pressure is
not included. The stiffness of the core is represented by a
linear viscoelastic spring, ks = k0(\ +igs)9 where k0 is the
spring constant and gs is the loss factor.

The input loads are modeled as random point loads acting
at an arbitrary location on the shell surface as shown in Fig.
2. In the vicinity of point load application, some of the
assumptions of linear, elastic, thin-shell theory are violated.
However, outside the vicinity of the point load, shell
response can be calculated with good accuracy. A Dirac delta
function is used to define the location of the point load. The
random loads pe and pi are expressed in terms of two point
loads F{ and F2 as17

(14)+ F2(t)d(x-xe
2)d(B-Oe

2)}
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Fig. 7 Response of the exterior shell for several material damping
values.
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Fig. 9 Response of exterior shell for two different orientations of
reinforcing fibers.
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Fig. 8 Response of the interior shell for two values of core
damping.

= (l/A\Ai
2){Fi

l(t)d(x-x{)d(d-d{)

(15)

where the superscripts e and / denote the external and the in-
ternal loads, 6 is the Dirac delta function, and for a cylin-
drical shell, 4! = 1, Ae

2 = R + hs, A{ = 1, and A^R. The
point loads are assumed to be independent, and each is
characterized by a spectral density.

The equations of motion of double-wall shells are solved
by modal expansion methods. These equations are further
simplified by neglecting from the operators ZV8 , ^V6,
YV4, and V4 the terms containing odd derivatives of spatial
variables x and 0. This allows the uncoupling of the modal
coordinates, significantly reducing computation time. The
general solution of Eqs. (12) and (13) is expressed in terms of
the simply supported shell modes

m = 1 n = 0
(16)

(17)

where A^n and AT
mn are the generalized coordinates of exter-

nal and internal shells and X5
mn are the shell modes. For a

simply supported shell, Xs
mn - sm(mirx/L) cos«0. The input

loads pe and pl are also expanded in terms of the natural

shell modes. The substitution of Eqs. (16) and (17) into Eqs.
(12) and (13) and the use of the orthogonality principle give
a set of coupled differential equations in A^n and A!

mn. Tak-
ing the Fourier transform of these equations, it can be
shown that

in which a bar indicates
generalized random forces P
point loads given in Eqs. (14) and (15) are

(18)

(19)

a transformed quantity. The
and Pf

mn corresponding to the

(20)

(21)
The frequency response functions of the external and inter-
nal shells are

+ ks/PE }

/Pl }

(22)

(23)

where

+ n

j) }/ipEJ

j + n4ajJ/R4
EJ] } (24)

in which the superscripts or subscripts EJ denote either the
external or the internal shells, RE = R + hs, and R/ = R, and
the parameters Xf- 7, Yf 7,Zf'7,off 7 (/=1,2,...7; y=l,2,...5;
A:=l,2,...9; £=1,2,. ..5) are given in Ref. 18.

Equation (24) gives the natural frequencies of uncoupled
laminated shell vibrations. The coupled natural frequencies
of double-wall shell motions can be obtained from18

(25)
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where

bmn =

*o) - *%

(26)

(27)

(28)

Equation (25) gives two characteristic values for each set of
modal indices (m,ri). These roots are associated with in-
phase flexural and out-of-phase dilatational vibration fre-
quencies of the sandwich construction.

For the analysis presented in this paper, it is assumed that
the input spectral densities of the random point loads are
specified. Thus, the response (shell deflections) needs to be
expressed in the form of a spectral density. Following the
procedures given in Ref. 19 and using Eqs. (16) and (17), the
spectral densities of normal shell deflection can be obtained
from

*,*,«)= i; E E E {e

where

(29)

' )/*«,» (30)

,„ = (HE
mn/pE) (H'mn/Pl) (ks + (\/6)ms^)/*mn (31)

„„ = 1 - (HE
mn/PE) (H'mn/P]) (ks + (l/e^co2)2 (32)

Smnrs are tne cross-spectral densities of the generalized ran-
dom forces, and a star indicates conjugate quantity. The
cross-spectral densities of the generalized random forces can
be determined from Eqs. (20) and (21).

Numerical Results
Numerical results presented herein correspond to the

double-wall sandwich shell system shown in Figs. 1 and 2.
The following set of parameters are selected for the study:
the dimensions of the double-wall shell are L = 1.62 m,
R = 1.473 m, and hs = 5.GS cm. The shell response is com-
puted at x = L/2 and 6 = 45 deg. The thicknesses of the outer
and the inner shell are hE = 0.813 mm and hj = 2.54 mm. The
stiffness and material density of the core are &0 = 1.14x 106

N/m3 and ps = 37.40 Pa-s2/m2. The outer shell contains
three layers while the inner shell is composed of ten layers.
Fiberglass and graphite fibers are used to reinforce the
matrix material. The ratio of the fibers volume to the matrix
material volume is 0.2. The elastic moduli, Poisson's rations,
and material densities are, respectively, £/ = 5.17xl010 Pa,
^ = 0.33, p/ = 2180 Pa-s2/m2, Eg = 1.03x 1011 Pa,>g =0.33,
Pg = \550 Pa-s2/m2, and Ep = 1.57X 1010 Pa, ^=0.35,
p/7 = 1197 Pa-s2/m2. The fiber reinforcement for each layer
(the same pattern being used for the inner and outer shell) is
arranged as follows: first layer fiberglass, second layer
graphite, third layer fiberglass, and so on. For the aluminum
shell, £0 = 7.24xl010 Pa, ^=0.30, and pfl = 2767.78
Pa-s2/m2.

The damping of the double-wall fiber-reinforced com-
posite shell is assumed to be composed of material damping
resulting from internal friction within each of the materials
and inter facial slip at the fiber-matrix interfaces, viscous
damping caused by radiation effects, and structural damping
of the core material. A detailed discussion on the damping
of fiber-reinforced composite materials is given in Refs.
20-23. Using the complex elastic modulus approach, we have

= E*(l+1g) (33)

cients CE and c/ are expressed in terms of modal damping
ratios 1*mn and ^mn corresponding to the external and internal
shells. As mentioned earlier, damping in the soft core is in-
troduced through the core stiffness ks = kQ(l +igs) where gs
is the loss factor.

The input random point loads fjj^j (j- 1,2) are assumed
to be characterized by truncated Gaussian white noise spec-
tral densities

4.95xlO-3N2/Hz 0</<1000Hz

0 otherwise
(34)

Numerical computations were performed using the same
value of spectral density for the external and the internal
loads. The frequency bandwidth was selected to be Aco = 27r
rad/s with the upper cutoff frequency of 6280 rad/s. The
random point loads were located at xf=X2 = 3.81 m,
*i = 4=3.81 m, 0f = -90 deg, 0f = 90 deg, B\= -90 deg, and
6*2= 90 deg.

The modal frequencies of double-wall aluminum and
double-wall composite shells are presented in Figs. 3 and 4.
The fiber reinforcement pattern fiberglass/graphite is
repeated for the exterior and interior shells. The fiber orien-
tation for the three layers of the exterior shell are a= -45,
45, and -45 deg. The fiber orientation for the ten layers of
interior shell is arranged in an alternating order with
a = -45, 45, -45, and 45 deg.... The results are presented
for half-axial wavelengths m = l,2,...,10 and for cir-
cumferential waves « = 0,1,...,20. The results plotted in Figs.
3 and 4 indicate that for the large shell dimensions and the
ratio radius/length = 0.1933 chosen in this study, the modal
frequencies at n = Q seem to converge to a single point for all
values of m= 1,2,..., 10.

A comparison of the results obtained from Eq. (24) and
from a NASTRAN finite-element program show a reasonable
agreement. These results were obtained for a single
fiberglass/graphite composite shell composed of ten lamina
layers. The lowest modal frequency corresponding to mode
number m = l and n = 4 is 32.24 Hz (NASTRAN) and 35.31
Hz [Eq. (24)]. The fiber orientation for the ten layers is
a = - 45, 45, - 45, and 45 deg .... A similar level of agreement
was obtained for several other lower-order modes. It should
be noted that the mode numbers that are assigned to a par-
ticular frequency form a NASTRAN output are decided on
the basis of the graphic,display of the mode shapes.

A comparison of the modal frequencies of aluminum and
composite shells indicate that, depending on fiber reinforce-
ment orientation, significantly higher modal frequencies can
be obtained for a composite shell. However, the mass of the
composite shell is about 50% less than that of the aluminum
shell while all the other geometric parameters are the same.
For the results that follow, the fiber orientation of the com-
posite shell, except when stated, will be the same as that
given for Fig. 4. The deflection response spectral densities of
double-wall aluminum and composite shells are given in
Figs. 5 and 6. The abscissa is a logarithmic scale, called
response level (RL) in units of decibels (dB)

= 10 (35)

where E is the complex modulus, ER is the real component
of E, and g is the loss factor. The viscous damping coeffi-

where the reference deflection wref is taken to be equal to
wref = #£ = 0.813 mn. As can be seen from these results, a
large number of flexural and dilatational modes are excited
by point loads. Due to a large number of participating
modes and modal frequency overlaps as shown in Figs. 5
and 6, it is difficult to identify response peaks corresponding
to dilatational frequencies. However, for n = Q the flexural
and dilatational frequencies are well separated. A direct
comparison of these results indicates that at most frequencies
the response levels of the composite shells are lower when
compared to the response levels of the aluminum shells.
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However, at some frequency values the opposite is true. The
results presented in Figs. 5 and 6 were obtained for identical
damping conditions of the aluminum and fiber-reinforced
composite shells. In this case, the loss factor g for the com-
posite materials was set equal to zero.

To demonstrate the effect of material and core damping,
results are presented in Figs. 7 and 8 for a double-wall com-
posite shell but different values of loss factors g and gs. The
viscous damping coefficient f0 = 0.01 and the point loads are
acting on the interior shell for both of these cases. By in-
creasing the material loss factor g, significant gains in
response reduction can be achieved at most modal frequen-
cies. Only 2-4 dB of response reduction is achieved at some
peaks when the damping loss factor of the core gs is in-
creased from 0.02 to 0.1. However, the shells forming a
double-wall construction are bonded to the core. Thus, an
increase of viscous properties in the core would increase the
modal damping of the face shells. Then the cumulative effect
of damping on the vibration response would be much greater
than that shown in Fig. 8.

The deflection response levels of the external shell are
given in Fig. 9 for two fiber orientations. The loads in this
case are acting on the internal shell. The fiber orientation for
the two curves are A) 0:= —-45, 45, -45, deg external,
q = -45, 45, -45, 45 deg, etc (internal), B) a = 90, 0, 90, 0
deg, etc. (external), a = 90, 0, 90, 0 deg, etc. (internal). For
both of these cases it is assumed that material loss factor g - 0.
A comparison of these results indicates that the response levels
are significantly higher at some frequencies when the fiber
reinforcement orientation for alternating laminae is
orthogonal.

Conclusions
An analytical model has been developed to predict the

vibration response of double-wall composite shells to ran-
dom inputs. The results indicate that shell response is
strongly dependent on the damping characteristics of the
shell material and the core, location of the point load action,
and the reinforcement of the fiber orientation of the dif-
ferent layers. In general, the response levels of a composite
shell are lower at most frequencies than those of an
equivalent aluminum shell. However, by proper selection of
damping and reinforcement of the fiber orientation, addi-
tional amounts of response reduction can be achieved by a
design composed of two composite shells and a soft visco-
elastic core.
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